Steiner quadruple systems having a prescribed number of quadruples in common  by Lo Faro, Giovanni
Discrete Mathematics 58 (1986) 167-174 
North-Holland 
167 
STEINER QUADRUPLE 
PRESCRIBED NUMBER 
IN COMMON 
SYSTEMS HAVING A 
OF QUADRUPLES 
Giovanni LO FARO* 
Dipartirnento di Matemafica, Universith di Messina, 98100 Messina, Italy 
Received 22 November 1983 
Revised 8 March 1985 
In the area of the Block-intersection problem for Steiner quadruple systems we prove that 
q16 - -  17 = 123; q16 - -  18  = 122 and q16 - -  19 = 121 e J(16), and that qz~ - 17 e J(2v) for every 
admissible v ~ 8. 
1. Introduction 
A Steiner quadruple system of order v (briefly an SQS(v)) is a pair (Q, q), 
where Q is a v-set and q is a collection of 4-element subsets of Q, usually called 
blocks, such that every 3-element subset of Q is contained in exactly one block of 
q. Hanani [8] proved that an SQS(v) exists if and only if v -= 2 or 4 (mod 6). It is 
easy to see that qo = Iql = v(v  - 1)(v - 2)/24. 
In [6] Gionffiddo and Lindner have examined the problem to determine the set 
J (v) = {K: 3SQS(v), (Q, ql), (Q, qz) such that Iqi n q21 = K), 
for every admissible v. 
If I (v)  = {0, 1, 2 , . . . ,  qv - 14, qv - 12, qo - 8, qv } for every admissible v/> 8, 
the following results are obtained: 
(i) J (v)  ~ I(v), for all v -= 2 or 4 (mod 6), v ~> 4; 
(ii) J(4) = {1}, J(8) = {0, 2, 6, 14} = •(8); 
(iii) J (16)  _~ 1(16) - {q16-  h:  h = 17, 18, 19}; 
(iv) J (v) ~ l (v)  - {q~ - 17}, for all v = 2 n, n >I 5; 
(v) J(10) = {0, 2, 4, 6, 8, 12, 14, 30}; 
(vi) J (v) ~_ l (v)  - {qv - 17}, for all v = 5- 2 n, n i> 2; 
(vii) J(14) _~ 1(14) - {48, 50, 52, 57, 58, 60, 62, 63, 64 , . . . ,  79, 83}; 
(viii) J (v) ~_ I (v)  - {qo - 17}, for all v = 7 .2  n, n/> 2. 
The object of this paper is to give a complete solution to the block-intersection 
problem for SQS's having order v = 2"; v = 5-2";  v = 7-2" (n/> 2), by showing 
that 121,122, 123 • J(16) and that qzo - 17 • J(2v) for every admissible v. 
In what follows, a partial quadruple system (briefly a PQS) shall be a pair 
(P, q), where P is a finite non-empty set and q is a collection of 4-subsets of P 
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such that every 3-subset of P is contained in at most one element of q. We will 
say that two PQS's (P, q0 and (P, q2) are disjoint and mutually balanced (briefly 
DMB PQS's) if ql A q2 = 0 and every 3-subset of P is contained in a block of ql iff 
it is contained in a block of q2- 
If (P, ql) and (P, q2) are two DMB PQS's and (Q, q) is an SQS(v) with P __ Q 
and q~ _c q, it is a routine matter to see that (Q, q') where q '= (q -  q l )U q2, is 
another SQS(v). Further, if m = Iqal = Iq2l, then (Q, q) and (Q, q') are two 
SQS(v) with exactly q~-m blocks in common. The transition from (Q, q) to 
(Q, q') is usually referred to as unplugging (P, ql) and plugging in (P, q2)" 
2. Steiner quadruple systems of order v = 16 
The following well-known doubling construction for SQS's is the main tool 
used in what follows. 
Let (X, A) and (Y, B) be any two SQS(v) with X fq Y = 0. Let F = {F1, F2 , . . . ,  
Fo_I} and G = {G1, G2 , . . . ,  Q - l}  be any two 1-factorizations of K v (the 
complete graph on v vertices) on X and Y, respectively, and let tr be any 
permutation on the set {1, 2 , . . . ,  v -  1}. Define a collection q of blocks of 
Q = X u Y, as follows: 
(1) Any block belonging to A or B belongs to q; 
(2) If xl, x2 e X and Yl, Y2 E Y, then {X1, X2~ Yl, Y2} e q if and only if {xl, X2} e F/, 
{Yl, Y2} ~ Gj, itr = j. 
It is a routine matter to see that (Q, q) is an SQS(v). We will denote (Q, q) by 
[X U Y][A, B, F, G, tr] and for every F, G, o~, by [F, G, tr] the collection of all 
the blocks {xl, x2, Yl, Y2} such that {x 1, x2} ~ F/, {Yl, Y2} ~ Gj, itr = j. 
Theorem 2.1. 121, 122, 123 e J(16). 
Proof. Let X = {0, 1, . . . ,  7} and X '= {0', 1 ' , . . . ,  7'}. Consider the following 
two 1-factorizations F, F '  on X and X', respectively (see Table 1); 
Table 1 
F~ F2 F3 F4 F5 F6 F7 
F= 01  02  03  04  05  06  07  
24  14  17  12  16  15 13  
37  35  25  36  23  27  26  
56  67  46  57  47  34  45  
F, = 
F~ F~ F:~ F;, F~ F~, F.~ 
0 '1 '0 '2 '0 '3 '0 '4 '0 '5 '0 '6 '0 '7 '  
2' 3' 1 '3 '  1 '2 '  1 '5 '  1 '6 '  1 '7 '  1 '4 '  
4 '7 '4 '5 '4 '6 '2 '6 '2 '7 '2 '4 '2 '5 '  
5 '6 '6 '7 '5 '7 '3 '7 '3 '4 '3 '5 '3 '6 '  
The intersection of quadruple systems 
and the two pairs of collections of blocks shown in Table 2. 
Table 2 
M1 M2 D1 D2 
144 '7 '  144 '5 '  
145 '6 '  146 '7 '  
024 '7 '  024 '5 '  
025 '  6' 026 '  7' 
104 '5 '  104 '7 '  
106 '7 '  105 '6 '  
424 '5 '  424 '7 '  
426 '7 '  425 '6 '  
564 '5 '  564 '6 '  
566 '7 '  565 '7 '  
374 '5 '  374 '6 '  
376 '7 '  375 '7 '  
574 '6 '  574 '7 '  
575 '7 '  575 '6 '  
364 '6 '  364 '7 '  
365 '7 '  365 '6 '  
354 '7 '  674 '5 '  
355 '6 '  676 '7 '  
674 '7 '  356 '7 '  
675 '6 '  140 '4 '  
350 '1 '  141 '5 '  
140 '1 '  350 '4 '  
144 '5 '  351 '5 '  
150 '4 '  150 '1 '  
151 '5 '  154 '5 '  
340 '4 '  340 '  1' 
341 '5 '  344 '5 '  
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Clearly, M~, M 2 and D~, D 2 are two pairs of DMB PQS's with m = 8 and m = 19 
blocks, respectively. 
Let aq be the following permutation on {1, 2 , . . . ,  7}" 
c~1= 1 6 3 5 4  " 
If (X, A) and (X', A') are two SQS(8), then (Q, q) = IX u X'I[A, A', F, F', tel] is 
an SQS(16); it is easy to see that M1 ~_ [F, F', tell and then (Q, (q - M~) U M2) is 
an SQS(16). Since D1 ~_ (q - M~) U M2, if q '=  (q - Mx) U M2, then (a,  q') and 
(Q, (q ' -D1)U  DE) are two SQS(16) with K = q16- 19 = 121 blocks in common. 
Hence 121 e J(16). 
Consider now the two 1-factorizations G and G' on X and X', respectively (see 
Table 3), 
Table 3 
G1 G2 G3 G4 G5 G6 G7 G{ G~ G~ G~ G~ G~ G~ 
G= 01  02  03  04  05  06  07  G '= 0' 1' 0 '2 '  0 '3 '  0 '4 '  0 '5 '  0 '6 '  0 '7 '  
23  13 12  15 14  17  16  2 '3 '  1 '5 '  1 '6 '  1 '2 '  1 '7 '  1 '4 '  1 '3 '  
45  46  47  26  27  24  25  4 '5 '  3 '7 '  2 '5 '  3 '6 '  3 '4 '  3 '5 '  2 '4 '  
67  57  56  37  36  35  34  6 '7 '  4 '6 '  4 '7 '  5 '7 '  2 '6 '  2 '7 '  5 '6 '  
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and the collections of blocks shown in Table 4. 
Table 4 
0 1 0’ 1’ 0 1 0’ 4’ 
0 1 2’ 3’ 0 1 1’ 2’ 
0 1 4’ 5’ 0 1 3’ 5’ 
0 2 0’ 6’ 0 2 0’ 1’ 
0 2 1’ 4’ 0 2 3’ 6’ 
0 2 3’ 5’ 0 2 4’ 5’ 
0 3 0’ 4’ 0 3 0’ 6’ 
0 3 1’ 2’ 0 3 1’ 4’ 
0 3 3’ 6’ 0 3 2’ 3’ 
1 2 0’ 4’ 1 2 0’ 6’ 
1 2 1’ 2’ 1 2 1’ 4’ 
1 2 3’ 6’ 1 2 2’ 3’ 
1 3 0’ 6’ 1 3 0’ 1’ 
1 3 1’ 4’ 1 3 3’ 6’ 
1 3 3’ 5’ 1 3 4’ 5’ 
2 3 0’ 1’ 2 3 0’ 4’ 
2 3 2’ 3’ 2 3 1’ 2’ 
2 3 4’ 5’ 2 3 3’ 5’ 
It is immediate to see that N1 and N2 are two DMB PQS’s with m = 18 blocks. 
Let cy2 be the following permutation on { 1,2, . . . ,7}: 
123456 
q = 
then (R, r) = [X U X’][A, A’, G, G’, a,] is an SQS(16). It is easy to see that 
N1 c_ [G, G’, q], it f o 11 ows that (R, r) and (R, (Y - N1) U N2) are two SQS(16) 
with K = q16 - 18 = 122 blocks in common. Hence 122 E J(16). 
Consider now the two 1-factorizations H and H’ on X and X’, respectively; 
shown in Table 5 
Table 5 
H= 01 02 03 04 05 06 07 
27 15 12 17 13 14 16 
34 36 46 26 24 25 23 
56 47 57 35 67 37 45 
Hi Hi Hi Hi Hi Hi H; 
H’ = 0’ 1’ 0’ 2’ 0’ 3’ 0’ 4’ 0’ 5’ 0’ 6’ 0’ 7’ 
2’ 3’ 1’ 3’ 1’ 2’ 1’ 5’ 1’ 4’ 1’ 7’ 1’ 6’ 
4’ 5’ 4’ 6’ 4’ 7’ 2’ 6’ 2’ 7’ 2’ 4’ 2’ 5’ 
6’ 7’ 5’ 7’ 5’ 6’ 3’ 7’ 3’ 6’ 3’ 5’ 3’ 4’ 
The intersection of quadruple systems 
and the collections of blocks shown in Table 6. 
Table 6 
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0257 02 5 1’ 
0 2 0’ 1’ 0 2 0’ 2’ 
0 2 2’ 3’ 02 7 3’ 
0 5 0’ 2’ 0 5 0’ 3’ 
0 5 1’ 3’ 05 7 2’ 
0 7 0’ 3’ 0 7 0’ 1’ 
0 7 1’2’ 0 1’ 2’ 3’ 
2 4 0’ 2’ 2 4 0’ 1’ 
2 4 1’ 3’ 2 4 2’ 3’ 
2 5 1’ 4’ 25 7 4’ 
2 7 3’ 4’ 2 1’ 3’ 4’ 
4 5 0’ 3’ 4 5 0’ 2’ 
4 5 1’2’ 4 5 1’ 3’ 
4 7 0’ 1’ 4 7 0’ 3’ 
4 7 2’ 3’ 4 7 1’ 2’ 
5 7 2’ 4’ 5 1’ 2’ 4’ 
1’ 2’ 3’ 4’ 7 2’ 3’ 4’ 
It is immediate to see that 0, and O2 are two DMB PQS’s with m = 17 blocks. 
Let q be the following permutation on (0, 1, . . . ,7}: 
123456 
Cx3 = 
If (X, B) and (X’, B’) are two SQS(S) such that (0,2,5,7) E B and 
(I’, 2’, 3’, 4’) E B’, then (S, s) = [XUX’][B, B’, H, H’, a31 is an SQS(16) such 
that 0, c s. It follows that (S, s) and (S, (s - 0,) U OJ are two SQS(16) with 
K = q16 - 17 = 123 blocks in common. Hence 123 E J(16). This completes the 
proof of the theorem. 0 
3. Steiner quadruple systems of order 2v, IJ = 2 or 4 (mod 6) 
In what follows 0, and O2 are the two DMB PQS’s of Theorem 2.1. 
Theorem 3.1. cjl, - 17 E J(v), 21 = 20, 28. 
Proof. Let U, U’ be the 1-factorizations on Y = (0, 1, . . . ,9} and Y’ = {0’, l’, 
9’}, respectively and let V, V’, be the 1-factorizations on 2 = (0, 1, . . . , 13) 
a&’ = {O’, l’, . . . , 13’}, respectively; see Table 7. 
Let a4 and cyg be the following permutations on {1,2, . . . ,9} and 
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U= 
Table 7 
U 1 U 2 U 3 U 4 U 5 U 6 U7 U 8 U 9 
01 02  03  04  05  06  07  08  09  
27  16  14  12  19  17  18  15  13  
35  38  25  39  24  23  29  26  28  
48  47  67  56  37  49  36  34  46  
69  59  89  78  68  58  45  79  57  
v~ v~ v~ tA v~ v~ v~ v~ v~ 
U'= 0' 1' 0 '2 '  0 '3 '  0 '4 '  0 '5 '  0 '6 '  0 '7 '  0' 8' 0 '9 '  
2 '3 '1 '3 '  1 '2 '  1 '7 '1 '9 '  1 '8 '1 '4 '  1 '6 '  1 '5 '  
4 '7 '4 '9 '  4 '8 '  2 '9 '2 '8 '  2 '7 '2 '6 '2 '5 '  2 '4 '  
5 '9 '5 '8 '  5 '7 '  3 '8 '3 '7 '  3 '9 '3 '5 '3 '4 '  3 '6 '  
6 '8 '6 '7 '  6 '9 '  5 '6 '4 '6 '  4 '5 '8 '9 '7 '9 '  7 '8 '  
vl V2 V3 v, v5 v6 v7 v8 v9 v~o v~ v12 v13 
V= 01  02  03  04  05  06  07  08  09  010 011 012 013 
26  16  110 19  111 12  113 15  112 14  17  13  18  
310 38  211 213 24  313 23  27  28  212 29  25  210  
49  47  48  35  37  411 45  34  311 39  312  413 36  
58  512 57  611 69  59  610  612 410 513 46  68  412 
712 911 613 78  810 710 89  913 56  67  510 711 511 
1113 1013 912 1012 1213 812 1112 1011 713 811 813 910 79  
V~ V~ V 3 V~ V~ V~ V~ V~ V 9 ~0 ~1 ~2 ~3 
V'= 0' 1' 0' 2' 0' 3' 0' 4' 0' 5' 0' 6' 0' 7' 0' 8' 0' 9' 0' 10' 0' 11' 0' 12' 0' 13' 
2' 3' 1' 3' 1' 2' 1' 5' 1' 4' 1' 7' 1' 6' 1' 9' 1' 8' 1' 11' 1' 10' 1' 13' 1' 12' 
4' 5' 4' 6' 4' 8' 2' 6' 2' 7' 2' 4' 2' 5' 2' 10' 2' 12' 2' 8' 2' 13' 2' 9' 2' 11' 
6' 7' 5' 7' 5' 12' 3' 8' 3' 12' 3' 13' 3' 11' 3' 4' 3' 10' 3' 9' 3' 7' 3' 5' 3' 6' 
8' 9' 8' 10' 6' 13' 7' 9' 6' 10' 5' 10' 4' 9' 5' 11' 4' 7' 4' 13' 4' 12' 4' 11' 4' 10' 
10' 11' 9' 12' 7' 11' 10' 13' 8' 11' 8' 12' 8' 13' 6' 12' 5' 13' 5' 6' 5' 8' 6' 8' 5' 9' 
12' 13' 11' 13' 9' 10' 11' 12' 9' 13' 9' 11' 10' 12' 7' 13' 6' 11' 7' 12' 6' 9' 7' 10' 7' 8' 
{1, 2 , . . . ,  13}, respectively: 
(1 2 3 4 5 6 7 8 ~) 
a~4= 8 1 7 4 2 6 3 5 , 
( 1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 )  
c~5= 7 1 6 4 2 12 3 8 9 10 11 5 13 " 
Further, let (Y, C) and (Y', C') be two SQS(10). and (Z, D) and (Z', D') be 
two SQS(14) such that (0,2,5,7)  eCAD and ( I ' ,2 ' ,3 ' ,4 ' )eC 'AD'  If 
(P, p )= [Y U Y'][C, C', U, U', or4] and (T, t )= [Z U Z'][D, D', V, V', a~5], it is 
immediate to see that O1 ~_ p n t and then: 
(i) (P, p) and (P, (p - O1) U 02) are two SQS(20) with K = q20 - 17 blocks in 
comn'lon; 
(ii) (T, t) and (T, (t - O1) U 02) are two SQS(28) with K = q~ - 17 blocks in 
common. 
This completes the proof of the theorem. [] 
The intersection fquadruple systems 173 
Theorem 3.2. q2o - 17 e J(2v), for every v = 2 or 4 (mod 6), v 1> 8. 
Proof. In view of the Theorems 2.1 and 3.1 we need only show q2~ - 17 e J(2v) 
for v i> 16. In [1] Cruse has shown that if n and m are odd positive integers and 
n >t 2m + 1 then there exists an idempotent commutative quasigroup of order n 
containing a subquasigroup of order m. This translates into 1-factorizations as: if 
x and y are even positive integers and x >/2y, then there exists a 1-factorization of 
order x containing a sub-l-factorization of order y. Now let E be a 1-factorization 
on X = {0, 1 , . . . ,  v - 1} containing the sub-l-factorization E* on {0, 1 , . . . ,  7}. 
We can assume E - -  (El, E2, . . . ,  Ev_l} and E* = {E~, E~, . . . ,  E~'} where 
E 7 __q Ej for j = 1, 2 , . . . ,  7. If X'  = {0', 1 ' , . . . ,  (v - 1)'} and q9 is the bijection of 
X onto X'  such that qg(x)=x',  for every x ~X, then E '= {qg(Ei)= E;} is a 
1-factorization on X '= {0', 1 ' , . . . ,  (v -  1)'} containing the sub-l-factorization 
E* '= {qg(E*)= ET' } on {0', 1 ' , . . . ,  7'} where E~' ~E; ,  for j=  1, 2 , . . . ,  7. 
Now let H and H'  be the two 1-factorizations of Theorem 2.1 and L and L' be 
the 1-factorizations obtained from E unplugging E* and successively replacing it 
with H and from E' unplugging E*'  and successively replacing it with H'.  If 
(X, A) and (X', A') are two SQS(v) such that (0, 2, 5, 7) e A and (1', 2', 3', 4') 
A'  and if cr is the permutation on {1, 2 , . . . ,  (v - 1)) given by 
(1 2 . . -  (v - l ) /  {r2=6, r3=4, r4=3, r6=21 
or= , wherer ;= . 
r 1 r 2 . ' .  rcv_l)/ ri=l fo r i= l ,  5 ,7 , . . .  (v - l ) ,  
then (Q, q) = [X t_J X'][A, A', L, L', or] is an SQS(2v) with O1 ~_ q. It follows that 
(Q, q) and (Q, (q -  O1)t3 02) are two SQS(2v) with K= q2~-  17 blocks in 
common, completing the proof. [] 
Remark. Collecting together the results of this paper, the conjectures of [5] and 
[6] are completely proved. 
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